Concepts for a theoretical and experimental study of lifting rotor random loads and vibrations.  Phase 5B:  Analysis of gust alleviation methods and rotor dynamic stability by Hohenemser, K. H. & Yin, S. K.
I~V ^, 7: p7a /
CONCEPTS FOR A THEORETICAL AND EXPERIMENTAL
STUDY OF LIFTING ROTOR RANDOM
LOADS AND VIBRATIONS
(Analysis of Gust Alleviation Methods and Rotor Dynamic Stability)
Phase V-B Report under Contract NAS2-4151
by
Kurt H. Hohenemser
and
S. K. Yin
Department of Mechanical and
___ Aerospace Engineering
° N72-11890 (NASA-CR-114387) CONCEPTS FOR A
THEORETICAL AND EXPERIIENETAI, STUDY OF
LIFTING ROTOR RANDOM LOADS AND VIBRATIONS.
, Uncilas K.H. Hohenemser, et al (Washington Univ.)
09217 Jun. 1971 87 p CSCL 01A G3/0 1
.~~~~~~~~~~~CC 01 3O
I 11,
Washington
;.~ School of Engineering
I·: " St. Louis
i:~~ 0 ~~~June,'>i~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
University
and Applied Science
B, Missouri
1971
Reproduced by
NATIONAL TECHaWCAL
INFORMATjOk SEEV¥CE )
Springfield, Va. 22151Spr~~f - -- J
I
,, 6
*^, 1; % 
https://ntrs.nasa.gov/search.jsp?R=19720004241 2020-03-11T21:57:41+00:00Z
CONCEPTS FOR A THEORETICAL AND EXPERIMENTAL
STUDY OF LIFTING ROTOR RANDOM
LOADS AND VIBRATIONS
(Analysis of Gust Alleviation Methods and Rotor Dynamic Stability)
Phase V-B Report under Contract NAS2-4151
Prepared for the Ames Directorate, AMRDL,
at Ames Research Center, Moffett Field, California
by g X - r
Kurt H. Hohenemser
and Y'•-w .A
S. K. Yin
Washington University
School of Engineering and Applied Science
St. Louis, Missouri
June, 1971
Scope of Contract NAS2-4151
Work under Contract NAS2-4151 started on February 1,
1967. Phase I Report of September 1967 develops analytical
concepts for a random loads and vibrations analysis of lift-
ing rotors. Phase II Report of August 1968 presents a per-
turbation solution method for random blade flapping. Phase
III Report of June 1969 develops a more general method to
include high rotor advance ratios and makes use of a speci-
fic atmospheric turbulence model. Phase IV Report of June
1970 extends the method to the computation of threshold
crossing statistics for random blade flapping and introduces
non-uniformity of the vertical turbulence velocity in the
longitudinal direction. During FY 1971 the work was extended
in three directions, resulting in 3 separate Phase V reports.
Phase V-A Report covers the inclusion of blade torsional
flexibility in the blade random gust response statistics.
Phase V-B Report covers the analysis of lifting rotor gust
alleviation methods and rotor dynamic stability. Phase V-C
Report describes the efforts to develop experimental methods
of substantiating the random loads and vibration analysis.
The work summarized in Phase V-A Report was performed under
Modification 5 to subject contract. The work summarized in
Phase V-B and Phase V-C Reports was performed under Modifica-
tion 6 to subject contract. A proposal has been submitted
for an extension of Contract NAS2-4151 through FY 1972 and
FY 1973. The scope of the proposed extension is to remove
some of the limitations of the present analytical model and
at the same time simplify the method of analysis, and to
conduct model tests to support the analysis.
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Abstract
Previous work under subject contract has shown that
excessive blade loads must be expected when operating lift-
ing rotors at high advance ratio in atmospheric turbulence.
Therefore, the effects of various gust alleviation methods
on the random blade response in flapping have been studied
analytically, assuming a rigid rotor support. Since the
gust alleviation methods involve feedback of blade motions
into the cyclic and collective controls, dynamic instabilities
as affected by the feedback gains are of primary interest.
The analytical model assumes rigid flapping blades with elas-
tic root restraints. Linearized equations approximately
valid at low lift conditions have been used. Because of the
interblade coupling from the feedback devices, the method of
multiblade generalized coordinates was found to be most
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convenient. This method, previously limited to the use
of first order cyclic coordinates, is extended to include
coning, differential coning and warping of the rotor. Be-
cause the theory was to cover high rotor advance ratios,
the analytical method considers the periodicity of the
coefficients in the multiblade dynamic rotor equations.
The conventional modal columns then become complex valued
periodic modal time functions. The numerical examples cover
the dynamic stability characteristics as affected by feed-
back gains of 3, 4, 5 and 6 bladed rotors.
The number of blades was found to have large effects on
the stability limits and on the modal time functions at these
limits. The analytical method developed herein allows to es-
tablish constant coefficient rotor representations by merely
omitting the periodic terms in the multiblade rotor re presen-
tation. It was found that the constant coefficient equations
yield fairly good approximations for the low frequency modes
even at an advance ratio of .8, the more so the higher the
blade number. In addition to determining the rotor stability
limits for four selected feedback devices, the random flap-
ping response of the blades to atmospheric turbulence was
determined at 1.6 rotor advance ratio using feedback gains
below the stability limit. The most effective reduction of
the random blade flapping response per unit gain could be
achieved with a rotor coning angle feedback.
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Notation
[A(t)]
{Aj(t)}
B
C(+)
[D(t)]
{F(t)}
F (*k)
K.1
K
o
K
P
Kll K1 2'K 2 1 K2 2
K(+)
L
L/R
m
o
m
I
m
II
N
P
characteristic matrix, periodic with T
j-th column of [A(t)]
blade tip loss factor
nondimensional damping coefficient
state matrix, periodic with T
excitation column matrix
flapping equation for k-th blade in
terms of multiblade coordinates
tilt integral feedback gain
coning feedback gain
tilt proportional feedback gain
gain factors for tilting feedback
nondimensional aerodynamic spring rate
equivalent feedback system spring constant
ratio of turbulence scale length over
rotor radius
nondimensional coefficient for collective
pitch
nondimensional coefficient for forward
longitudinal cyclic pitch
nondimensional coefficient for left
lateral cyclic pitch
nondimensional coefficient for inflow
ratio
number of blades
blade parameter describing elastic
flapping restraint
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two-sided power spectral density for X
nondimensional basic period of periodic
coefficients
nondimensional time for which period of
one rotor revolution is 2w
flapping feedback gain
unit step function
state vector
modal function column
state vector obtained from the trans-
formation {y(t)} = [A(t)]-l{x(t)}
constant column matrix
flapping angle of k-th blade, positive
up
ac(mt) ,s(W,t)
81+,2+--''
01 -'2- ...
63
8k
o9 I' II
multiblade flapping coordinates:
coning, differential coning (only for
even bladed rotors), tilting, warping.
blade flapping response to inputs
A = u(t)cos wt and A = u(t)sinwt respec-
tively
Normal multiblade coordinates of progres-
sing modes
Normal multiblade coordinates of regres-
sing modes
blade Lock number
flapping hinge inclined angle
kth complex eigenvalue
pitch angle of k-th blade, equal to
O -Isin k + OIIcos Ok
collective, forward longitudinal, left
lateral cyclic pitch respectively
T
t
tan 63
u(t)
{x(t)}
{x.(t)}
{y(t)}
{a}
Ok
-viii-
Ak k-th eigenvalue of Floquet state transi-
tion matrix, equal to e(Xk+iwk)T
inflow ratio, or real part of characteris-
tic value
Xk real part of nk.
rotor advance ratio
aB(t) time variable flapping standard devia-
tion
aA time invariable standard deviation for A
[+(t)] state transition matrix
Ok azimuth angle of k-th blade
X non-dimensional circular frequency
Wk imaginary part of nk
rotor angular velocity
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1. Introduction
The results of the preceding work under Contract NAS2-
4151 have been summarized in Phase I to Phase IV Reports and
in the publications of References (1) to (3). The following
report presents a summary of analytical results with respect
to gust alleviation methods and rotor dynamic stability ob-
tained during FY 1971. Part of the results have been pub-
lished in Reference (4) but are repeated here for the sake
of completeness.
The previous work has shown that excessive blade loads
and/or vibrations must be expected when operating lifting
rotors at high advance ratio in severe atmospheric turbulence.
The studies so far have not included the effects of airframe
motions and the rotor hub has been assumed rigid. This con-
dition is approximately realized in convertible aircraft dur-
ing forward flight conditions where the airframe is well sta-
bilized by conventional means and where the rotor is off-
loaded and idling either continuously or as a transient con-
dition toward being stopped. In such conditions an automatic
control system making use of airframe motion or attitude sen-
sors can at best minimize the fuselage motions, but it cannot
prevent excessive blade motions or blade loads. To alleviate
the blade-to-hub motions, sensors for these motions must be
provided which produce feedbacks into the rotor controls. A
number of simple feedback systems will be examined in the
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following with respect to their stability characteristics
and their gust alleviation potential.
All previous work under Contract NAS2-4151 assumed the
absence of coupling between the motions of the various blades
of a rotor so that a single blade analysis was adequate. Due
to the strong interblade coupling from the feedback systems
it was found advantageous to use generalized multiblade coor-
dinates as defined in Section 5 of Phase IV Report. For not
too high rotor advance ratio such a formulation makes it
possible to reduce the problem 'approximately to one with con-
stant coefficients in the multiblade equations, leading to a
large reduction in computational effort for the solution of
the turbulence response problem as well as the stability
problem. For high advance ratios the periodicity of the
coefficients in the linearized multiblade equations of mo-
tion must be considered. The Floquet state transition matrix
method of Reference (5) is then a convenient tool for the
stability analysis. As far as the response to atmospheric
turbulence is concerned, the method of Reference (2) can be
extended to the multiblade representations, though requiring
an increased computational effort. The comparison of a more
sophisticated stochastic model with the simpler "point appro-
ximation" performed in Reference (3) has shown that the latter
approximation will be adequate in many cases. Accordingly
the point approximation, where the blades are assumed to
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feel at any time instant the turbulence velocity actually
existing only at the rotor center has been used for the
multiblade random response analyses. As before, only the
effect of the vertical turbulence velocity component on
the blades,is considered, the effects of the longitudinal
and lateral turbulence components are neglected. The ana-
lytical rotor model, same as before, assumes rigid blades
hinged at the rotor center and elastically restrained in
flapping, while rigid in the chord-wise direction and in
torsion.
Multiblade representations have been previously used
for first order cyclic chord-wise and flap-wise modes in
the classical papers on mechanical instability and on prop-
rotor whirl flutter and also in Reference (6). However, the
previous studies were for constant coefficient systems. In
this report the previous studies are extended to include
rotor warping modes and to include the effects of the period-
icity of the coefficients.
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2. Definition of Multiblade Generalized Coordinates
In the flutter analysis of fixed wings it is customary
to express wing deflections by their normal mode contents
whereby the normal modes are purely elastic modes without
structural or aerodynamic damping. Each normal mode is re-
presented by a factor called normal coordinate. For the
multiblade stability analysis of lifting rotors one could
express the blade motions in- terms of the normal multiblade
modes. Take for example a vibration mode of a single blade
excluding mechanical damping and excluding aerodynamic
forces, say a flapping or a flap-bending mode seen in a ro-
tating frame of reference. In a multiblade mode all blades
oscillate with the same frequency and the same amplitude, but
with different phase angles. Depending on the phase differ-
ences between the oscillations of the various blades, there
are four types of multiblade modes: collective modes where
the phase angles of all blade oscillations are identical,
differential collective modes, only possible for even bladed
rotors where the oscillations of subsequent blades are in
counter phase, regressing modes where the location of maxi-
mum blade deflection rotates in a rotor fixed reference sys-
tem opposite to the direction of rotor rotation, and progres-
sing modes where the location of maximum blade deflection
rotates in a rotor fixed reference system in the direction
of rotor rotation. These modes are obviously normal modes,
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since they can exist independent of each other. Such multi-
blade modes can be defined for any type of blade oscillation:
out-of-plane, in-plane and torsion.
Here the method of multiblade generalized coordinates
will be applied to blade flapping. The types of multiblade
normal modes then are collective flapping or coning, differ-
ential collective flapping (only possible for even bladed
rotors), and regressing and progressing flapping. Since in
a N-bladed rotor one needs exactly N modes to describe the
general flapping motion, one has to use the coning and dif-
ferential coning modes for a 2-bladed rotor, the coning and
the regressing and progressing flapping modes for a 3-bladed
rotor, in addition the differential coning mode for a 4-
bladed rotor; the coning mode and 2 regressing and 2 progres-
sing flapping modes for a 5 bladed rotor, in addition the
differential coning mode for a 6 bladed rotor and so on.
Instead of using generalized multiblade coordinates for the
regressing and progressing flapping modes one can also base
the generalized coordinates on cyclic flapping modes of
various orders leading to tilting or warping of the rotor
tip path. The cyclic modes have the advantage of easier
algebraic manipulation, however, they are not normal modes'
in the sense that they cannot exist independently of each
other. As will be shown later, two cyclic modes can be
combined to represent a normal progressing or regressing
mode.
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The flapping angle Bk of the k-th blade in terms of
the various multiblade flapping coordinates, using cyclic
modes, is
+B = d) + (Co-1) + cos + ci n
s
2kk k d Sin I k III k
+ 8i sin 2'k + $Vcos 3 *k + BVISin 3
k + (1)
k = 1,2,...N
where Ok = t + (2w/N)(k-l) is the azimuth angle of the k-th
blade. For an N-bladed rotor only the first N terms of Eq.
(1) are retained, whereby Bd occurs only in even bladed
rotors.
By inverting the system of Eq. (1) and applying the
following formulas,
N )0, if m is not a multiple of N
E cos mk = (2)
k=l N cos mt, if m = sN; s = 1,2,...
N O, if m is not a multiple of N
E sin milk = } (3)
k=l IN sin mt, if m = sN; s = 1,2,...
one obtains the multiblade coordinates in terms of the
blade flapping angles:
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Collective flapping (coning)
Differential Collective flapping
(only for even-bladed rotors)
First order cyclic flapping
(tilting)
Second order cyclic flapping
(warping)
N
a N Bkk=l
N
a =1 )k (-I)
d = N klk
2 N
II = N BkCoS *k'k=l
N
AII a Bks i n *kII N1k1k ,
N
III= N- LkCoS 2 *k'k=L
2 N
BIV = N E BkSin 2 5k
k=l
Third order cyclic flapping
N
v N klkcos 3kk'k=l
N
1 = aN Bksin 3 *k
k=l
For a hovering lifting rotor with a rigid held hub,
the coordinates B
o
and Bd are normal coordinates, the cyclic
coordinates are pairwise normal, however , BII, BIII
BIV, etc., in themselves, as mentioned before are not normal
coordinates. The various multiblade coordinates are shown
in Figure 1.
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It is clear from Figure 1 that the collective flapping
a °is the coning angle, the differential collective flapping
E
d
is a rotating tilting for a two-bladed rotor and a rota-
ting warping for higher even bladed rotors, the first cyclic
flapping Bi, BII the stationary tilting, and the higher
order cyclic flapping coordinates BIi,' 8IV', BV, VI the
stationary warping of the rotor-tip path.
In order to correlate the cyclic multiblade coordinates
with the normal modes as described previously, the
motion of the k-th blade is expressed as
Sk mn+ cos [(wt +N) - m - (k-l)]
mk =
+ Bm_ cos [(wt + *) + m - (k-l)] (4)
m=l N
where r = (N-1)/2 for odd bladed rotors, r = (N-2)/2 for
even bladed rotors. Om+ and Bm_ represent the amplitudes
of the corresponding m-th progressing and regressing
modes with frequency w in the rotor fixed reference system.
Thus, m = 1 for three and four bladed rotors, m = 1,2 for
five and six bladed rotors.
The various multiblade normal modes are illustrated in
Figure 2 for blade number N = 3 to 7. The wave lines mov-
ing to the right give the motions of the blades vs. the
phasing of the blades. Blade 1 is always shown in its maxi-
mum up deflection. The remaining blades are shown at the
same time in their respective phases in relation to blade 1.
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Now the relation between the cyclic coordinates and the
amplitudes of the normal modes at V = 0 can be derived as
follows: Since
(ot + *) + m 2W (k-l) = [(w + m)t + *] + m*k (5)
and applying the formulas of Eqs. (2) and (3), it can be
easily found that the
2 N
I= N Z Bkcos *k
k=l
cyclic flapping coordinates are
= 81 +cos [(w+l)t + *]
+ B1 cos [(w-l)t + *]
N
II N Bksin 'k =k=l
N
2 L 0Bsin 2 k
2 N
k=l
+
2 N
VI N k= ksin 32k =
These equations show th
Bl+sin .[(w+l)t + *]
lsin [(w-l)t + *]
B2+cos [(W+2)t + f]
8· cos '[(w-2)t + O]2-
2+sin [(w+2)t + *]
82 sin [(w-2)t +.*]
3+cos [(w+3)t + *]
3 cos [(w-3)t + *]3-
(7)
(8)
(9)
(10)
63+sin [(w+3)t + *]
6 3 sin [(w-3)t + ] .(11)
iat for zero coupling between blades tilt-
ing in the progressing mode occurs with w+l, in the regressing
mode with w-l, first warping in the progressing mode occurs with
w+2, in the regressing mode with w-1, etc.
(6)
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3. Multiblade Flapping Equations
The linearized flapping equation of the k-th spring-
restrained blade with a centrally arranged flapping hinge,
neglecting reverse flow effects, reads, (7)
By + n 2 + os k 8 sin 2k k 8 6 k)'k+ 6 k 8 k/k
m0 + mo101 + m II0 + mXx (12)
0 I I
with
ek e= - eIsin *k + eIIC°os k (13)
where the parameter P describes the elastic flapping res-
traint of the blade (P = 1 for a freely flapping blade), and
me , m
e
, m
e
and mx are functions of the blade azimuth
o I II
angle Ik o Neglecting reverse flow effects, these functions
are:
m 0 ( B 8 )+ s sin Bk cos 21k (14)
m = 3 B¥ 2Y 3B 2¥2
16 sink + 2 2 + 16 sin3k
I<B~¥~ + $B2¥u2~ ~~(15)'
m4 2 2 3 2 
-y Byu B 3u B Xy 
me = 4 BS -k + 6 sin 2 k 1-- os 3 k
(16)
3 2
-6 B3 B 2 sin * k (17)mk 6+
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The multiblade coordinates representations of blade
flapping for a rotor with various blade numbers, neglecting
reverse flow effects, are derived for blade number N = 2 to
6. First, corresponding to a certain blade number, the
appropriate representation of the k-th blade flapping angle
8
k by Eq. (1) along with its first and second time deriva-
tives is substituted in Eq. (12.) then applying Eqs. (2) and
(3), the flapping equations in terms of multiblade coordi-
nates are derived in the following.
For a two-bladed rotor, performing the transformation
8 k = B0 + Bd(-l)k in Eq. (12), denoting the resulting flap-
ping equation by FB(*k), then the manipulations of
2 2
F( F(k) and kEFB(k)(-1)k lead to
k=l k=l
So + B8 So + (P2 + XB2¥2in 2t) a 6 usin t - B a o
=B4y +B 2p B2 cos 20 + B Y + B cos 2t)I
B + B sin 2t.+ (18)oB Yu sin t - B 68 sd + )d t
6B 4 II 6 2(18)
3o [(8 ¥ 3B 1616 3os 4 
B3¥~ 8iisin 2t + T A (19)
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For a three-bladed rotor, performing the transformation
Bk = Bo + BIcos *k + BIIs i n *k in Eq. (12), denoting the re-
sulting equation by F8(sk), then the manipulations of
3 3 3
k lF 8 ( k), FB (1k )Cos k, and L FB(Ok)sin *k yield
k=l ke1 k=l
the following equations:
~o B ¥o + P2ao +t-Oy II a1 -Sicos 3t +4i 3 2 2
0 8 o 88 )O ( S 16 Bcos 3t) 
B3
6 o I 8 I + ( P )I + 2II + +
IB yu B yu osi B YU 
+ 6- I -12 II)cos 3t+ + 12 I
8 o 6.1o t -I 8Y 16
B2YU2
16 iBsin 3t
B 2yU 2
16 Iicos 3t
(20)
2 u2
B )sin 3 t
+ B Y 1si n 3t)I
+ 6 II
(21)
- 2B2 By (+ + #y +B + (P 2 -)6 0 I16 8 II 8 II I
.B Yi. 1 sin 3t (Byi12 B3 + B3 yU o
6 2 II - 8 o 12 63t
(B3 _ B2U 2 3) (B;¥ $B 2 Y¥2 .3 sn3 8 sinY B sin 3 ) B
3 8 ~ ~ ~~~8 16 6 t
3 2B y~ B2 y (2B -- cos 3t + Y X226 II (22)
It is seen that only the periodic coefficients cos 3t and
sin 3t, with a period of 2f/3, remain in the above equations.
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For a four-bladed rotor, performing the transformation
Bk = Bo + Bd(- l)
k
+ BICoS *k + BIISin *k in Eq. (12), de-
noting the resulting equation by F8 (ik), then the manipula-
4 4 4
tions of Z Fs(4k), Z F(ak )Cos *k' F8(a(k)sin kk and
4 k=l k=l k=l4
E F(*k)(-1) k give
k=l
B4 2 83 · 2¥2
o + +P 8 + B12 I8 dsin 2t0 8 0 0 12 II 8 8
(B r+ B2y2 )
8 8 0
3
B yU
6 B
B3
6 aI
3
+ 6 (23)
4 4~4 + B 'yy 2 +( B 2
+ I + T8I + (P)8 2811 - I+ 16 ) a811
8 I I~~~B~ 8 2¥~
2
22 22 3 3
_ _ BUB *. B Y1
yu B ru D T'~~~~ .sdin 2t 83_Y6~8 s 216 B 8 c os 4t + 8a sin 4t s cos t16 II 16 I 6 d 6 d
2 2 (By B4 22 22
Bl , esin 4t + _ +os 2Bt B16 I 8 16 16 ii (24)
3
B ~Yu-B 2 2 B 4 B
-'B- 20 + 1 _8 + B ¥+ + (P 2 -1)06 ~o I28I*\~-- II 8 II
B2 12
- 16 8 cos 4t -16 
3
= B y
3 o
82yU2 B3y'co3 3
B - -B2 sin 4t + cos 2t - sin 2t16 II 6 d 6 d
3B 2y1 +2 B2 Y 2
16 + 16 cos 4t ) I B2Y 21-B iI Isin 4t16 II
+ B2Y X4 (25)
- 8 8 osin 2t -
3
-B BII sin 2t +
6 II
B3y
6 icos 2t -6 I
3 3 3B Y11 BY1 B 3Y,_
132 isin 2t - cos 2t + cos 2t
~ 6 'Ie ~ s6 I 12 II
4
BY 2 B2 2
Bd 8 d' + 8 d - 8e cos 2t
3B 3sn2B 0II sin 2t (26)6 II
4
- B Y 
8
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There are second and fourth harmonic coefficients remaining
in the above equations. The period of the coefficients is
For a five-bladed rotor, similarly performing the
transformation Bk = Bo + BICos k + BIIsin *k + B I I I cos 2 *k
+ BIvsin 2 *k in Eq. (12), denoting the resulting equation
5 5
by FB(*k), then the manipulations of 1. FB( k), ZFB (k) cos *k
k=l k=1
5 5 5
kF( l k)sin *k' L F (k) cos 2*k and ' F (*k)sin 2 *k
k=1 k=l k=l
lead to
B4 2 22 226 + B ¥y + B 3¥p + ¥ pypI B T B27 
o + '8-o + 0 12 II 16 IV = + TY
3 3
ByU. 8 + B.yX (27)61 6
2 / It B Y B
4
Y B 2¥
"
2
B- YuT a + + YI + (P2-1)I +2II + t( + 16 BII
12 16 in III + 2 IV 16
(B + 16 II (28)
BBvl B2 Y112 B4 r, B4Y 232o -2 i (B 2 y 4 + + (P 21)86 \16 8 II 8 IIII
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sin 5t, with a period of 21/5, remain in the above equations.
+mation Bk sin + p_4 c3co + 
+ 8sin 2 k in Eq. (12), denoting the resulting equation by
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There are third and sixth harmonic coefficients remaining
in the equations with a period 2w/3.
4. Interblade Coupling Feedback Systems
A rotor blade with a Lock number of 8 and unrestrained
flapping hinges becomes dynamically unstable at advance ra-
tios of approximately U = 2. The instability is caused pri-
marily by transient negative aerodynamic spring effects
upsetting blade flapping at the front half of the rotor disk.
For present operating conditions this kind of instability
is of minor concern. The main problem is the deterioration
of the response characteristics in the stable region. With
increasing advance ratio, one of the most undesirable char-
acteristics is such that the flapping motion becomes very
sensitive to longitudinal disturbances. In other words,
the rotor responds to gusts and angle of attach changes with
an excessive tip path plane tilt which transfers large mo-
ments to the fuselage. This is particularly true if blades
with elastic root restraint are used.
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In order to reduce the sensitivity of the flapping
response to external disturbances, such as atmospheric tur-
bulence, a mechanical or electronic servo-device is required
which automatically counteracts the external disturbances
by proper collective or cyclic pitch input. The feedback
systems studied here for their effects on rotor stability
and gust response are described in the following:
4.1 Coning Feedback System
The system refers to a mechanism which applies, without
time lag, a collective pitch proportional to the coning
angle of the rotor disk. The feedback equation can be re-
presented by
8 = -K 8 (38)
o oo
where K0 is the feedback gain factor of the system. It
should be pointed out here that the mean values in the feed-
back equations throughout this study are omitted, because
they do not affect the stability characteristics of the sys-
tem.
The coning feedback system has actually been used for
the McDonnell XV-1 lifting rotor which exhibited a low gust
sensitivity.
4.2 Tilt Proportional Feedback System
Compensation of hub moments can be achieved by employ-
ing a cyclic pitch feedback which is displacement proportional
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to the longitudinal and lateral tilting angles such that
I -Kll11COS E - K12BII sin C
(39)
0II = -K21 Isin E - K22BII os ¢
where Kl, K12, K22 are the gain factors, E represents
a shift in the phasing of the cyclic controls.
Here a cross coupling between the longitudinal and
lateral components is introduced to consider the effects of
phase angles on the stability margin.
As will be shown later (in Figure 18 ) the out-of-phase
feedback (E = 900) gives better stability characteristics
for the system than the in-phase feedback ( = 0), therefore
the following equations are used to represent the tilt pro-
portional feedback system.
eI = KpII
(40)
0 = -K p
Eq. (40) is obtained by setting Kll = K22 = -K12 =-K2 = Kp
and E = 900 in Eq. (39).
4.3 Flapping Feedback System
The flapping feedback system is a combination of coning
feedback system with tilt proportional feedback system and
can be characterized by the equations
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o = -K o
I p II(41)
II = -K
It can be shown that for a three-bladed rotor, if the
gain factors Ko, Kp are set equal, the flapping feedback
system has actually the same function as the conventional
63 blade pitch-flap coupling
ek = -Bktan 63 (42)
For blade number N > 4, the two feedback systems are not
equivalent, even with K = K
In this study, the flapping feedback system is applied
to a three-bladed rotor, with the same gain factor value
for both collective and cyclic pitch controls. Although
for this special case, one needs only a single blade analy-
sis to study the effects of flapping feedback on the rotor
stability and gust response, the method of multiblade coor-
dinates has been applied in the analysis to facilitate com-
parisons with the other feedback configurations.
4.4 Tilt Integral Feedback System
Compensation of hub moments can also be achieved by a
cyclic pitch feedback system which is designed to be rate
proportional to the longitudinal and lateral tilting angles
such that
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1 + LI = -Kl I cos E - K128II sin 
(43)
II + LI = -K21I sin - K228 cos 
where L is an equivalent spring parameter of the controller
used as possible insurance against dynamic instabilities,
C represents a shift in the phasing of the cyclic control.
The tilt integral feedback has been used for the
Lockheed gyro rotor which also showed low gust sensitivity.
In the later numerical examples the phase angle c = 0
is assumed, which, according to Reference (8), is close to
the optimal phasing. Furthermore, K K22 =-K12 =K 1
K i. The tilt integral feedback system is then represented
by
OI + LOI = -KiI 
(44)
II+ LII = -KiII
For the numerical examples with rotor advance ratio p = .8
the equations (38), (40), (41), (44) are inserted in one of
the set of equations (18) to (37) to obtain the stability
characteristics of 3 to 6 bladed rotors having one of the
4 feedback systems. For the numerical examples with rotor
advance ratio p = 1.6 and for one case of p = .8 reversed
flow is considered leading to more complex multiblade equa-
tions. The periodic coefficients are then non-analytic and
have been replaced by truncated Fouries series selected in
such a way that the estimated truncation error is less than
1 per cent.
-22-
5. Solution Methods
5.1 STABILITY ANALYSIS FOR SYSTEMS WITH PERIODIC COEFFICIENTS
The method of the Floquet state transition matrix ap-
plied in Reference (5), has been extended to include the
computation of modal function columns which are the equiva-
lent of the modal amplitude ratios and phase angles used in
describing independent real modes for constant coefficient
systems.
Using the state vector {x} to represent the state
variables o, B'o' Bd' 8 ' BI' SIN ' 'e t c. , the free motions
of the rotor system are described by
{x}) = [D(t)]{x} (45)
where [D(t)] is the state matrix with period T. The state
transition matrix [O(t)] is defined as the solution of the
following matrix differential equation:
d[ [(t)] = [D(t)][b(t)] [e(O) ]= I (46)dt
It can be easily verified that any solution of Eq. (45) is
given by
{x(t)} = [O(t)]x(O) (47)
Floquet's theorem states that for the system represented
by Eq. (45), if the eigenvalues A of [+(T)] are all distinct,
the transient solution is of the form
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(x(t)} = [A(t)]{ae+i)} (48)
where [A(t)] is the characteristic matrix, also periodic
with T, and
({a} [A(O)]- {x(O)} (49)
is the column of constants to be determined from the initial
value column of the state variables {x(O)}. Inserting Eq.
(49) into Eq. (48), it follows
{x(t)} = [A(t)] ['e(X+ie ) ][A(0)] l{x(O)} (50)
By comparison of Eqs. (47) and (50) one obtains
[O(t)] = [A(t)]['e (+i)[A()] (51)
or
[A(t)] = E[(t)][A(0)]['e( i (52)
For t = T .this equation becomes, because of [A(T)] = [A(0)]:
[A(O)] (T)A(O)] = ['e(+i) (53)
which shows that
e(X+iw)T = A (54)
are the eigenvalues of the matrix [C(T)] and that [A(O)] is
the associated modal matrix. After solving the eigenvalue
problem Eq. (53) the characteristic matrix [A(t)] can be
computed from Eq. (52).
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From Eq. (47), it can be seen that the column matrix
{x(T)} corresponding to the initial conditions
1, j = k
xj(O) (55)
is identical to the k-th column of IS(T)]. By integrating
the equation of motion Eq. (45), using the Runge-Kutta
method, through one period for each set of initial condi-
tions defined by Eq. (55), j = 1,N, it is therefore possible
to generate the N columns, {xj(T)}, j = 1,N, corresponding
to the columns of [+(T)]. In the numerical examples each
column of [O(t)] was computed using a stepsize of At = .1.
To find the eigenvalues A and the associated modal
matrix [A(O)] of the state transition matrix [+(T)], a com-
puter program has been prepared first to calculate the
eigenvalues. The equation I[0(T)] - A[I]I = 0 is expanded
into a characteristic polynomial based on the Leverrier-
Faddev method (9):
AN - P A
N - 1 P2 A - - P 0 (56)1 2 N
The coefficients Pi, P2 .....PN are given by
PN = (1/N)(traceE[N(T)]) (57)
where
[+(T)] = [%(T] 
(58)
[ TN [(T)] = [(T)][ (T)]- PN1[I]]
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The characteristic roots of Eq. (56) are solved by
using the Bairstow's algorithm which is available in IBM
System/360 Scientific Subroutines. With the obtained eigen-
values A, the corresponding eigenvectors are then calculated
by solving a set of simultaneous algebraic equations. The
program showed that for a 10x10 matrix [+(T)], there was
one third reduction in computing time as compared to the
root squaring method used in Reference ( 5 ).
By inspecting Eq. (48), one knows that the stability
of the system depends on the signs of X. Since Ak = e(kk+ik)T
one obtains easily that
)Xk 52T 1 ln[(ReA )2 + (ImAk) 2 (59)
arc tan (Ik/Re (60)
Because the characteristic value with the largest real
part X represents the least stable one, the largest in ab-
solute value A is required for stability determination.
The stability limit, Xk = 0, is reached when IAki = 1.
Since arc tan is a multivalued function, the wk determined
from Eq. (60) could be a fundamental frequency plus or minus
an integer multiple of 2w/T. In case of a three-bladed rotor
and using a non-dimensional time in which the period of rotor
revolution is 2r, T = 2w/3, see Eqs. (20) to (22), so that
mk is only determined except for the addition of an arbi-
trary multiple of ±3. In case of a four-bladed rotor the
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basic period is T = w, see Eqs. (23) to (26), so that mk is
only determined except for the addition of an arbitrary
multiple of ±2. The same principle is also applied to the
cases of five and six-bladed rotors. The indeterminacy of
w has no effect on the solution, Eq. (48), since [A(t)] con-
-i(t
tains the compensating factor e as seen in Eq. (52).
In the present study the wk values are selected in such a
way that for zero gain, when the blades are uncoupled, the
frequencies of the progressing and regressing multiblade
modes according to Eqs. (6) to (11) are obtained.
5.2 RESPONSE ANALYSIS USING UNCOUPLED EQUATIONS
For the forced rotor dynamic system, the equations of
motion can be represented by
{x} = [D(t)]{x} + {F(t)) (61)
where {F(t)} is a column matrix representing the excitations.
Now if the variable substitution {x(t)}=[A(t)]{y(t)} is made
in Eq. (61), it can be shown that the equations become un-
coupled as
{y} - ['X+iw,]{y} [A(t)] {F(t)} (62)
These uncoupled, constant coefficient equations can be used
to compute the force responses of the system.
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For the initial condition {y(O)} = {0}, the response
of the system to the input {F(t)} can be determined by the
convolutional .integral equations
{y(t)} = | e ( X + i [) ( t - T ) ][A(T)] -{F )}dT (63)
In order to apply the above uncoupled integral equations,
it is first necessary to calculate the timewise-tabulated
-state transition matrix [O(t)] over the period from Eq. (47),
and calculate the eigenvalues e (+iw)T and corresponding
modal matrix [A(O)] of the Floquet state transition matrix
[C(T)]. Then [A(t)], which is periodic with T, can be ob-
tained by using Eq. (52), and the inverse of [A(t)], though
a complex function, is not difficult to calculate.
If the computer program based on Eq. (63) can give
favorable results, it can be applied in the calculations of
random gusts response and would give a large saving of com-
puting time. The program did give accurate results for a
single blade case, but unfortunately, the results were quite
inaccurate for the case of three blades. This can be explained
by the behavior of [A(t)] . For the single blade case the
components of [A(t.)]
-
1
vary smoothly and mildly with time.
The numerical integration of Eq. (63), using a stepsize of
At = .2, yields a very good result. For a three-bladed
rotor system described in terms of multiblade coordinates,
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some components of [A(t)]
-
1 vary abruptly and have very
high magnitudes at certain time ranges. Accordingly,
numerical integration of Eq. (63), using even a smaller
stepsize of At = .1, fails to give acceptable results.
For this reason the later numerical examples of blade res-
ponses have been computed directly with the Runge-Kutta
method without making use of the uncoupled equations.
5.3 MODAL FUNCTION COLUMNS
We denote two characteristic values X. + iw. and
Xk + iw k combinable, if by an admissible addition to wj or
ik n accordance with Eq. (60) we can obtain a conjugate
complex pair Xj ± iwj. This requires = Xk. It can be
shown that the columns of the characteristic matrix [A(t)]
associated with conjugate complex characteristic values are
also conjugate complex. Assuming for the two associated
a-values conjugate complex numbers, for example a. = a =
1.0, the real modal function column for the pair Xj + w.
is
{xj(t) = {Aj(t)} ei t + {Aj(t)} e (64)
To obtain the actual motion this expression must be multi-
plied by eX i t s For a constant coefficient system the'modal
columns contain constant complex numbers independent of time,
and Eq. (64) gives the phase angles and amplitude ratios of
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all state variables for a real mode associated with a pair
of conjugate complex eigenvalues. In this case all state
variables oscillate with the same frequency but with various
phase angles. For a system with periodic coefficients one
must know the entire time function for each state variable
as expressed in Eq. (64) in order to define an independent
mode. Numerical examples of such independent modes will be
given later.
While for a constant coefficient system the characteris-
tic values are either real or conjugate complex, for a system
with periodic coefficients single non-combinable complex
characteristic values can occur. In this case the modal
function column is given by.
{xj(t)} = {Aj(t)} ei'jt (65)
whereby {Aj(t)} consists of real functions multiplied by
e-ijt , so that the product is real.
6. Results and Discussions
6.1 STABILITY RESULTS
The effects of various feedback systems on the rotor
dynamic stability have been studied for rotor advance ratios
= .8 and 1.6, for blade Number N varying from 3 to 6. Re-
versed flow effects have been included for the cases of =
1.6 and for one case of p = .8. In the numerical presen-
tations a non-dimensional time has been used such that the
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basic period of one rotor revolution is 2w. All numerical
examples are for y = 8, P = 1.15 and B = .97.
As mentioned before, the imaginary part of the charac-
teristic values, because of Eq. (60), is multi-valued, and
a certain selection rule must be established in order to
plot stability charts like Figure 5. The obvious selection
rule, as also mentioned before, is to stipulate that for
zero feedback gain the frequencies should coincide with those
of the various progressing and regressing modes defined in
Eqs. (6) to (11) and illustrated in Figure 2. For y = 8 and
P = 1.15 the characteristic values for a single blade in the
rotating reference system are shown in Figure 3 with rotor
advance ratio p as parameter. Since the non-dimensional fre-
quency of the periodic coefficients is 1, the imaginary part
can be shifted by ±n, n = 1,2,3,... For small p one has a
combinable set of characteristic values which split at an
advance ratio somewhat below .4 into 2 non-combinable charac-
teristic values. Because of the indeterminacy of the imagi-
nary part, the "root locus" could either be as indicated by
the solid lines, or as indicated by the dash lines, or as
indicated by the combined solid and dash line at either X = 1
or at X = -1 or in any other fashion obtained by the shift
along the vertical axis by ±n, n = 1,2,3,...
We select now out of all these. possibilities the "root
locus" as shown for w = 1. In other words we stipulate that
both characteristic values for larger p have the same imaginary
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part w = 1 and that for small u-values the combinable charac-
teristic values have imaginary parts a little above and a
little below w = 1. At p = 0 the system degenerates to a
constant coefficient system with conjugate complex eigen-
values, whereby Jwl > 1.0. The point p = 0 for |Iw < 1
occurs only as a limiting case of a periodic coefficient
system, but is not obtained for constant coefficients.
In making the selection as described one obtains root locus
curves similar to the familiar curves for constant coeffi-
cient systems, however, the break-away of vertical branches
from horizontal branches can now occur also for w-values dif-
ferent from zero, which is not possible for constant coeffi-
cient systems.
Having now established for p > .4 and y = 8, P = 1.15
that the frequency of the single blade is X = 1 with two
values of the real part X i, X2, we now can use Eqs. (6) to
(11) to select the appropriate frequency values for the un-
coupled multiblade modes as shown in Figure 4. All coning
modes and all differential coning modes where they exist
have w = 1. Progressing and regressing tilting modes have
w =2 and 0 respectively, progressing and regressing first
warping modes have w = 3 and -1 respectively, etc. Each of
these modes occur with a low and a high A-value.
In the stability charts, Figures 5 to 21 except Figure
18, the horizontal scale refers to the real part A, the
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vertical scale to the imaginary part w of the characteristic
values. The curves represent the characteristic values as a
function of the gain factors for the various feedback systems
as parameters. As pointed out previously, some of the charac-
teristic values are combinable complex and some are single
non-combinable complex. Curves representing combinable
characteristic values are recognized by their symmetry, and
curves representing single non-combinable characteristic
values are neither symmetrical nor located on the X = 0 line.
Just as two real characteristic values can break away to form
a pair of conjugate complex values in the root-locus of a
constant coefficient system, two single non-combinable com-
plex values can also break away to form a pair of combinable
complex values for the a periodic coefficient system.
The solid lines in the stability charts for p = .8,
Figures 5 to 12 represent the characteristic values obtained
from the complete equations with periodic coefficients, using
the Floquet state transition matrix method. The dashed lines
are the results obtained from the corresponding constant coef-
ficient systems where all the periodic terms are neglected.
The curves for the constant coefficient systems are drawn in
the conventional root-locus manner, except only the curves
corresponding to the characteristic values with positive or
zero imaginary parts are shown.
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Shown in Figure 5 are the characteristic curves for
a three-bladed rotor with coning feedback at p = .8. The
curves between w = 1 and w = 2 represent the modes with
mainly the coupling between coning and progressing tilting.
The characteristic values associated with the lower damping
mode are a pair of combinable values for K up to about .5.
As Ko increases, the combinable pair become two single non-
combinable complex values. However, as Ko exceeds 1.3, two
single complex values become a pair of combinable complex
values once again. At K
°
= 3.0, it is seen that the system
is very close to the unstable boundary. The dashed lines
representing the characteristic values for the constant
coefficient system, although they fail to show the break-
aways, indicate the instability boundary fairly accurate in
this case.
Figure 6 shows the effect of tilt proportional feed-
back on the characteristic values for a three-bladed rotor
at p = .8. At zero gain, there are two pairs of combinable
complex values and.two real values. As Kp increases, the
real values become a pair of conjugate complex values re-
presenting a low frequency mode. The frequency of the mode
increases with the increasing gain factors. At Kp - 3.0,
a pair of conjugate complex values become two single non-
combinable complex values with w = 1.5. No instability oc-
curs with K up to 3. The constant coefficient approximation
p
is too conservative *for this case.
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Figure 7 represents the characteristic values for a
three-bladed rotor with flapping feedback at p = .8. Up
to tan 63 = .3, there are two pairs of combinable charac-
teristic values and two single real values, making for a
total of four real modes. Beyond tan 63 = .3 there are
three combinable apirs of characteristic values, with three
associated real modes. Figure 7 shows no trend toward in-
stability as 63 is increased. The constant coefficient sys-
tem gives a good approximation for tan 63 = 0.2 to 0.6. At
zero gain there is a bigger difference between the characteris-
tic values of the two systems.
Figure 8 shows the characteristic curves for a three-
bladed rotor with tilt integral feedback at p = .8 and L = .1.
At K i = .2 there are four pairs of combinable characteris-
tic values with four associated modal function columns, two
of which are shown in Figures 22a and 23a. At K. = .8 there
are three pairs of combinable characteristic values and two
single complex values with w = 1.5, one of them with posi-
tive real part. The associated modal function column is
shown in Figure 24a. The four-bladed rotor with tilt inte-
gral feedback at p = .8 and L = .1, see Figure 9, has for
K i = .2 four pairs of combinable characteristic values with
four associated modal function columns, two of which are
shown in Figure 22b and 23b. In addition there are two
single characteristic values at w = 2 with two more asso-
ciated modal function columns, one of which is shown in
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Figure 23c. At Ki = .8 there is a combinable pair of char-
acteristic values with positive real part. The associated
modal function is shown in Figure 24b. In comparing Figures
24a and 24b it is seen that instability both for the three
and four-bladed rotor occurs at a gain factor of somewhat
below Ki = .8, however with entirely different modes.
The dashed lines in Figures 8 and 9 are the charac-
teristic curves for the corresponding constant coefficient
systems. The three-bladed rotor has four modes throughout
the Ki range, and the four-bladed rotor has five modes,
whereby one of them is not affected by the gain factors.
It is seen that the constant coefficient system is at least
for the low frequency modes a fairly good approximation for
gain factor values up to K i = .4. Figure 8 for a three-
bladed rotor shows the instability is not predicted by the
constant coefficient approximation. One can then conclude
that for an advance ratio of p = .8 the constant coefficient
system can lead to erroneous and unconservative results.
Figures 22 to 24 show modal functions determined with
Equations (64) and (65) for the conditions indicated in Figures
8 and 9. Figure 22 shows the modal functions for K. = .2
the less stable of the two low frequency modes for the three
and the four-bladed rotors. The lowest frequency is about
.4, the corresponding period is about 16 time units of
which 6.5 are shown in Figures 22 and 23. The basic low
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frequency motion is superimposed by higher frequency motions.
Coning is quite pronounced both for 3 and 4 blades, and
differential coning of substantial magnitude occurs with 4
blades
'
. Figure 23 shows the modal functions for K i = .2
the less stable high frequency modes for 3 and 4 blades.
In case of 3 blades the progressing motion is superimposed
by large coning motions. In case of 4 blades there is one
progressing motion with very large participation of coning
and of differential coning, and another progressing motion
with little coning and practically no differential coning.
Figures 24a and 24b shows for Ki .8 the unstable modes
for the three and four-bladed rotors. The three-bladed
rotor becomes unstable in a pure progressing tilting mode
with some coning superimposed. The four-bladed rotor be-
comes unstable in a low frequency tilting mode with much
coning and differential coning present.
Figures 10 and 11 show for tilt integral feedback at p =
.8 the characteristic curves for 5 and 6 blades respectively.
Note that compared to the preceding figures the scale has been
changed in order to accommodate w-values down to -1, which is
the frequency for the uncoupled regressing warping mode, see
Fig. 4. The progressing warping mode is at w = 3. Neither
these two modes occurred for N = 3 and N = 4. The stability
limit of somewhat below K. = .8 is about the same for the 4, 5
and 6 bladed rotor and instability occurs at the same frequency
of X = .83, while the 3 bladed rotor becomes unstable at a
smaller gain and in another mode with frequency w = 1.5. The
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constant coefficient root curves for the 5 and 6 bladed rotor
agree very well with the exact roots, particularly for the
lower frequencies. The constant coefficient roots in Fig. 10
to 12 are indicated by circles. There are 6 modes for N = 5
and 7 modes for N = 6.
Figures 25a and 25b shows the unstable modes at K. = .8
for the 5 and 6 bladed rotor respectively. The regressing
warping modes (BIII' BIV) are contributing strongly, particu-
larly for the 6-bladed rotor.
Figure 12 shows the characteristic curves of the same 6-
bladed rotor of Fig. 11, however, now with reverse flow effects
included. The stability limit is now higher and instability
occurs at a somewhat higher frequency. Note that the range of
gain factors extends in Fig. 12 to K = 1.2. The constant
coefficient approximation is again very good. While for 3 and
4 bladed rotors the constant coefficient stability limit is con-
siderably in error, it is quite exact for the 5 and 6 bladed
rotor with and without reverse flow effects.
Figures 13 to 21 show the stability charts of the rotors
at p = 1.6, with various blade numbers and feedback control
systems. Reverse flow effects have been included in the ana-
lysis and the more complex equations have been used.
Figures 13 and 14 represent the characteristic values
for a three-bladed and a four-bladed rotor system, using
coning feedback. The gain factors at the stability limits
are Ki = .5 and K. .3 for the three-bladed and four-bladed1 1
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rotors respectively. The types of instability are again
different and the gain factor at the stability limit for the
four-bladed rotor is lower than for the three-bladed rotor.
Figures 15 and 16 represent the characteristic values
for a five-bladed and a six-bladed rotor system, using con-
ing feedback. The types of instability and the gain factors
at the stability limits, Ki .3, are the same for both
five-bladed and six-bladed rotor systems.
In comparing Figures 13, 14, 15 and 16 it is seen that
the three-bladed rotor has the best stability characteristics,
while the other three rotor systems have practically the
same lower stability limit.
Figure 17 shows the stability chart of a three-bladed
rotor with tilt proportional feedback. One of the modes
with w = 0 becomes unstable at Kp = .3. It is noticed,
however, as K exceeds 1.0, the mode becomes stable again.
p
Figure 18 represents the stability limits in terms of
gain factors vs. the phase angles E of the tilt proportional
feedback, for a three-bladed rotor at V = 0, .8 and 1.6.
Reverse flow effects are included in the analysis, and the
gain factors in Eq. (39) are selected such that Kll = K22
= -K = K = Kp. Figure 18 shows that at C = 900, the12 21 p
stability limits K are very high for p = 0 and .8. It
p
indicates that the stability boundary is discontinuous at
£E 85° for the case of p = 1.6. From the analysis using
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the method of generalized multiblade coordinates, it has
been found that the discontinuity is due to the fact that
there are two typ'es of instability depending on whether the
phase angle £ is larger or smaller than 85° . When 00 < £ <
850, the unstable mode is the high frequency mode with
w = 1.5, and when 850 < £ < 900, the unstable mode is the
low frequency mode with w = 0, as shown in Figure 17.
Figure 19 shows the results of a three-bladed rotor
with flapping feedback. Up to about tan 63 = .5 there are
two pairs of combinable characteristic values and two sin-
gle real values, making for a total of four real modes.
Beyond tan 63 = .5 there are three pairs of combinable char-
acteristic values, with three associated modes. Figure 19
shows no trend toward instability at p = 1.6 as 63 as in-
creased. It is known, however, that in combination with
torsionally flexible blades 63 can become greatly destabi-
lizing.
Figure 20 shows a three-bladed rotor with tilt integral
feedback similar to Figure 8, except for u = 1.6 including
reversed flow. Instability now occurs in the same way but
at a much lower gain of K. - .28.
Figure 21 shows a case of a four-bladed rotor with
tilt integral feedback similar to.Figure 9, except for
p = 1.6. The gain factor at the stability limit is K. ~
.17. In comparing Figures'20 and 21 it is seen that the
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types of instability are again different and the gain fac-
tor at the stability limit for the four-bladed rotor is
lower than for the three-bladed rotor.
6.2 RESPONSE TO RANDOM TURBULENCE
The estimation of the effects of various feedback sys-
tems on blade flapping response to atmospheric turbulence
can be simplified by using the assumption that the turbu-
lence velocity is uniform over the rotor disk and equal to
the turbulence felt at the rotor center. In the analysis
the turbulence velocity is treated as a part of the inflow
ratio X.
For the system represented by Eq. (12) and the asso-
ciated feedback equation, Eq. (38), (40), (42) or (44), de-
noting Bc(W,t) and as(w,t) the blade flapping response to
m u(t) cos(wt) and m u(t) sin(wt) respectively, the time
variable standard deviation of the flapping angle B, accord-
ing to the assumptions of Reference (2), is given by
a6(t) = 2 f{c(rWt) + (w,t)}SX(w)dw (66)
where SA(w) is the two-sided power spectral density func-
tion of A.
According to Reference (2) the following expression
for SX(w) is used
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S k()/a = a/f(a2 + 2) (67)
where a = 2p/(L/R) and where a
I
is the time invariable stan-
dard deviation for X. The frequency response functions 0 (w,t)
C
and 0s(w,t) used in Eq. (66) have been computed for a three-
bladed rotor for 3 feedback systems for which the stability
charts are shown in Figures 13, 19 and 20. The rotor with
tilt proportional feedback was omitted since according to
Figure 18 instability occurs at a low gain factor for E =
900 and p = 1.6. The phase angle should be between 70 ° and
800 for improved stability. First the frequency response
for 0o, BI' BII was determined using the multiblade equations
for a three-bladed rotor at . = 1.6, and then the individual
blade frequency response was obtained from Eq. (1). Finally
Eq. (66) was used to determine the time variable flapping
standard deviation a (t). A Runge-Kutta routine using a
stepsize of At = .1 was used for the integration of the
multiblade equations. The results for ao = 1 are shown in
Figures 26, 27 and 28.
All three feedback systems result in appreciable reduc-
tions in random flapping amplitudes. A doubling of the gain
shows, however, diminishing returns and in the case of Figure
28 even a reduced gust alleviation when Ki is increased from
.1 to .2. The random flapping amplitudes are practically the
same for the coning, flapping and tilt integral feedback sys-
tems with gain factors at K = .1, tan 63 = .2 and K. = .1
O 3
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respectively. It is interesting to note that coning feed-
back needs as compared to flapping feedback only half the
gain factor to accomplish the same reduction in random
flapping response.
7. Summary and Conclusions
The method of multiblade coordinates has been extended
in this study to include coning, differential coning and
warping modes and to retain the periodic coefficients in
the equations of motion for the multiblade coordinates.
The modes other than tilting and the periodic terms in the
multiblade equations of motion both substantially contri-
bute to potential dynamic instabilities. The dynamic sta-
bility analysis using the method of multiblade coordinates
shows that the stability limits and the types of instabili-
ties depend on the number of rotor blades. Especially,
substantial differences were found in the stability limits
and types of instabilities of three and four-bladed rotors.
As compared to a stability analysis using individual blade
coordinates as in Reference (5), there are four main ad-
vantages in the use of multiblade coordinates. First, one
obtains the constant coefficient approximation merely by
omitting the periodic terms in the equations using multi-
blade coordinates. Second, the analysis provides modal
time functions, from which it is easier to assess the types
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of potential dynamic instabilities. Third, one saves con-
siderable computation effort. For a three-bladed rotor,
the use of Eqs. (20) to (22) reduces the computer time to
about one third as compared to the analysis using single
blade coordinates, in spite of assuming the same number of
integration intervals per period. Fourth, the results of
the multiblade analysis in the form of characteristic
values and modal function columns can be easier interpreted
with respect to effects on the fuselage and to coupling
with fuselage modes, since they define the characteristics
of coning or tilting or warping of the rotor. The follow-
ing detailed conclusions are based on the analyses with
multiblade coordinates for a rotor configuration with a
blade Lock number of y = 8, a tip loss factor of B = .97,
with a rigid hub, and with rigid flapping blades having
elastic flapping restraints such that the undamped flapping
frequency is 1.15 rotor rpm.
1. The constant coefficient approximation for a three-
bladed rotor at .8 with tilt integral feedback, or
with coning feedback has only a moderate effect on
the low frequency modes, but it removes a potential
instability at 1.5 rpm, and therefore, it is uncon-
servative and cannot be used to determine the sta-
bility limits.
2. The constant coefficient approximation has only a
moderate effect on the characteristic values for a
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four-bladed rotor at p = .8 with tilt integral
feedback. The approximation is much better for
a five and six-bladed rotor at p = .8 with tilt
integral feedback.
3. Tilt proportional feedback at a rotor advance ratio
of p = 1.6 results at phase angles of E = 0 and
900 in low stability limits. However for c = 70 °
to 800 the stability limit is high.
4. Even at a high rotor advance ratio of p = 1.6,
flapping feedback for a three-bladed rotor, which
is equivalent to 63 pitch-flap coupling, is stable
up to high feedback gains. Torsional blade flexi-
bility, not included in this analysis, is known
to destabilize blades with 63 pitch-flap coupling.
5. Among the three, four, five and six bladed rotors
with coning feedback at p = 1.6, the three-bladed
rotor has the highest stability limit, while the
others have practically the same but lower stabi-
lity limit.
6. Tilt integral feedback at a rotor advance ratio
of p = 1.6 results for a four-bladed rotor in lower
stability limit than for a three-bladed rotor.
7. The reduction in blade random flapping response to
atmospheric turbulence for a three-bladed rotor at
V = 1.6 is particularly good for coning angle
feedback. Flapping feedback with the same gain
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leads to higher random blade responses, and tilt
integral feedback is least effective in reducing
random blade flapping.
8. The method of transforming to uncoupled equations
proved to be computationally impractical for the
forced response which was, therefore, obtained by
integrating the coupled equation.
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